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Introduction 
Let X be a smooth foliation whose leaves are complex manifolds of dimension n and 
let 2) be the sheaf of germs of smooth functions, holomorphic along the leaves (namely 
the germs of CR-functions on X). The aim of this paper is to study the ringed space 
(X, ‘0) in the “spirit” of the theory of complex spaces. We concentrate on the following 
t.wo themes: function theory for the algebra D(X) and cohomology with values in D. 
After a brief discussion on some aspects of D-convexity we introduce the notions 
of q-complete and Stein foliation (Section 3) and we prove a general result about the 
complexification of a real analytic q-complete foliation (Theorem 2). As a consequence 
we obtain an approximation theorem for CR-functions (Theorem 3), an embedding 
theorem for real analytic Stein foliations (Theorem 5) and the property that for a real 
analytic Stein foliation the groups Hj(X,Z) vanish provided j 3 n + k + 1 (k = real 
codimension of the leaves X) (Theorem 6). 
About cohomology H*(X, D) a natural question is to ask if for a smooth q-complete 
foliation X the groups Hj(X, D) vanish for j 2 q. This is actually true in the following 
two cases: X is real analytic and l-complete, X is a smooth Levi flat hypersurface in 
@” (Theorem 8). 
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The proof is based on the method of Andreotti and Grauert. Crucial steps are the 
regularity theorem for the &problem [12] and the solvability of the a-equation for (0, q)- 
forms whose coefficients are Whitney functions [5]. In the last section we introduce the 
notion of hyperbolicity and we remark that a hyperbolic complete domain in Cn x R” 
is V-convex. 
1. Domains in @” xR” 
1.1. Let R be a domain in Cn x IT&“. We denote by 2) and 0’ the sheaves of germs 
CR-functions on R which are smooth and real analytic respectively. Thus a germ f of 
D (resp. of 0’) is a local smooth function f = f(z, t), z = (~1,. . . , zn), t = (tl, . . . , tk) 
holomorphic with respect to z. We denote by D(s2) and 0’(a) respectively the algebras 
I’(n,D) and I’(R, 0’). and we define on D(n) a structure of Frechet algebra in the 
following way. Let 0: be the derivation dljl/&:l . . . i&j,“. For every compact K c 52 
and s E N we set 
PAdf) = c lP5fllK, 
Ijl<s 
where f E D(R). Then {pi+} is a family of semi-norms for a Frdchet topology on 
D(0). C?‘(R) can also be given a structure of a topological algebra but we do not need 
this in the sequel. Given a subset A c Cn x IRk we set At = A n (@” x {t}). 
Let I< c R be compact and R \ K be connected. Then 
(i) the natural homomorphism 
0’(R) + 0’(Q \ K) 
is onto; 
(ii) if n > 2 and Rt \ I it is connected for every t, the homomorphism 
D(R) + D(0 \ K) 
is onto. 
(ii) is a consequence of the classical Hartogs theorem on each leaf Rt of R. To prove 
(i) we consider a compact analytic hypersurface S c 0 which bounds a domain St1 c R 
containing I<. Let 
F(z, t) = J s1 f (L t)G, C), 
F is real where f E O’(fi \ K) and K(z, C) is the Bochner-Martinelli kernel for @“. 
analytic in z, t and CR. Moreover as F = f on 521 \ K, F extends f. 
In the same vein we have the following: let 
Q = (14 < b1 x WI < 11, 
RI = {u < Izl < b, 0 < ItI < l} u {]z] < b, E < ItI < 1, 0 < & < 1) 
then 0’(R) + 0’(52r) is onto, and D(R) + D(Rr) is also onto if n > 2. 
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1.2. The above results motivate the following definitions. Let C be closed in R and let 
C be closed in en x IR". We say that C is a D-completiorz of C if for a given f E ‘D(fZ) 
the germ of f along C extends along C by a germ of a smooth CR-functions. 52 is 
said to be a domain of D-holomorphy if all D-completions C of a closed subset C of 0 
belong to R. R is a said to be D-conwez if for every compact li c R, the D-hull 
is also compact. Analogous definitions are obtained replacing 23 by U’. 
Applying the classical argument of Cartan-Thullen [9] it is possible to show that 
a domain R of I3’-holomorphy is U-convex. In particular fl is D-convex. Moreover a 
D-convex domain is a domain of ‘D-holomorphy. 
Remark. .A domain of ‘I-holomorphy is not ‘D-convex in general (e.g. R = (c x 
:IB \ (0) x {t > 0)). 
The situation is summarized by the following diagram: 
O’-holomorphy + U-convexity 
u 
D-holomorphy + V-convexity. 
IZ x Iw \ (0) x {t >, O} is a domain of D-holomorphy but it is not a domain of 0- 
holomorphy. As an example of domains of D-holomorphy (and of U’-holomorphy) we 
have the following. Assume R = {p < 0) where p is C” on a neighbourhood of fi 
and that for every (z”,to) E 80 there is a curve t + y(t) such that y(t) E dRt and 
r(t”) = to. Then 
belongs to D(R) and it blows up at (z’, to). If follows that R is a domain of 27 
holomorphy. As a corollary of this example we obtain that if fl = {p < 0} where 
p = p(z, t) is strictly plurisubharmonic with respect to z for every t, then R is locally a 
domain of D-holomorphy (and also of C3’-holomorphy). If R is either a D-convex domain 
or a domain of C3’-holomorphy then for every t, the leaf Rt is a domain of holomorphy 
in the classical sense. In particular R is a family {Rt}tEEk of domains of holomorphy 
(Theorem 11 (Section 4) provides a sufficient condition for the converse). Following 
Andreotti and Grauert [l] we say that {Rt}tEEk is a regular family (of domains of 
holomorphy) if for every to c IPi" there exist a neighbourhood In = {It - to] < E} and 
an open set ZJ in Cn satisfying the following conditions: 
1) R,o is a Runge domain in U, 
2) Jo x IJ 3 UtElo fb. 
The interest of this notion of regularity resides in the fact that for regular families the 
sheaf ‘D is cohomologically trivial [I]. M ore generally if R C P x R" is a regular family 
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of domains of holomorphy in P-q+’ parametrized by t E Iw2(q-‘)+” = 69-l x Iw” then 
P&D) = 0 for j > q (compare with Theorem 3 in [l]). A function @ : R --f IR is 
called e&au&we if for every c E Iw, R, = {a < c} is relatively compact. If R has an 
exhaustive function @ which is strictly plurisubharmonic with respect to z for fixed t 
then 
(i) every R, is a regular family, 
(ii) for c < c’, fi2, @ 51,~ and (R,,R,,) is a pair of Runge. 
In particular Hj(s2,D) = 0 for j 2 1 [l]. 
1.3. Now assume that dR is smooth, locally defined at p E dR by p = 0. Consider at 
p the form 
Let 
n WP> ~EC”:~~+-~ 
ol=l 
(and Tp - CY whenever X2 is “singular with respect to z” i.e. when a&) = 0). dS2 
is said to be Levi corzuez at p E 80 if L(p)(p)(~, > 0. As in the case for domains 
of C” it can be proved that if dR is strictly Levi convex at every point p then 51 is 
D-convex. The hypothesis of strict Levi convexity cannot be relaxed; nevertheless it 
is not necessary for D-convexity. Moreover, if R is D-convex the only points where 
dR fails to be Levi convex are the singular ones (with respect to z). The weak Levi 
condition is sufficient for D-convexity in presence of a continuous “distance function”. 
A distance function for R is a positive function /J : R --f R such that: ~(2, t) = 0 if and 
only if z = 0 and p(cz,t) = ]c]p(z,t) f or every c E @. Let p be as above and set 
Then if 6~2 is continuous, the Levi convexity implies D-convexity. Indeed, as for domains 
in 02, one proves that - log So is plurisubharmonic with resdect to z and for fixed 
c E Iw+ the subset { - log sn(z, t) < c} II & is relatively compact in CR,; from this by a 
standard argument we obtain a continuous function 3, strictly plurisubharmonic with 
respect to z and such that {*(z, t) < c} n 0, is relatively compact in Rt. It follows 
that R is a family of domains of holomorphy for which the argument of Andreotti 
and Grauert applies to obtain that Hj(s2,D) = 0, j 2 1 and consequently that R is 
D-convex (Section 4, Theorem 10). A very simple topological condition on dS2 which 
guarantees the existence of a continuous distance (in fact the euclidean one) is the 
following: for a E Ut 0Rt there exists an open neighbourhood p E U such that on 
U n dQ the projection (z, t) + t is open. If it is so the function 
(z,t) + 6(z,t) = inf{]C - z] : (<,t) E dRt} 
is continuous on a. 
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2. q-complete foliations 
2.1. Domains in @” x JR” are examples of foliations with complex leaves (of real codi- 
mension k). In the sequel we consider (smooth or real analytic) foliations X whose 
local models are domains U = V x B of Cn x Rk, V c C'", B C Iw” and whose local 
transformations are of the form 
(*){ 2’ = f(G), 
t’ = h(t), 
where f is holomorphic with respect to z. If we replace R” by @” and in (*) we 
a.ssume t E cc” and that f, h are holomorphic with respect to z,t then we obtain the 
notion of complex foEiation of (complex) codimension k. A domain U as above is said 
to be a distinguished coordinate domain of X and z = (21,. . . , z,), t = (tl , . . . , tk) 
distinguished local coordinates. As an example of such foliations we have the Levi 
flat hypersurfaces of (I? [18,6,16]. 0 n a foliation X we define the sheaves 2, = Vx, 
0’ = 0; and the q-pseudoconvex functions along the leaves as well as for domain 
of Cn x R’. In particular 27(X) = r(X, 2) x is a Frdchet algebra. X is said to be a ) 
q-complete foliation if there is an exhaustive, smooth function Cp : X + IR which is 
strictly q-pseudoconvex along the leaves. As an example a foliation X contained in a 
q-complete complex manifold is a q-complete foliation. X is a Stein foliation if 
(a) D(X) separates points of X, 
(b) X is 2)-convex, 
(c) for every 5 E X there exist fi, . . . , fn, hl, . . . , hk E D(X) such that 
l,***, rank z:, fn,hl,...,hk) = n+k 
,***, &,tl,-,tk) 
h,... ,h, 13.. t . , tk distinguished local coordinates at z). 
Theorem 1. A Stein foliation is l-complete. 
Proof. Let X be Stein. Then by the usual procedure we construct a continuous ex- 
haustive function p : X -+ R which is strictly plurisubharmonic along the leaves of X; p 
is the sum of a series of smooth positive functions om, strictly plurisubharmonic along 
the leaves. In order to construct a function @ as in the above definition let Xj = {p < j} 
and p,iv = CK=, urn. For N large, N = N(j), th ere exists &j, 0 < Ed < 1 such that 
P < Phi(j) + Ej < P + 1 
on Xj. 
Set wuj = p~(j)+~j and let x E C-(R) b e satisfying the following properties: x(t) = 0 
for t < 0, x’(t) > 0 for t > 0 and x”(t) > 0 for t E IR. As the function x( wj •t 1 - j) is 
strictly p.s.h. along the leaves on a neighbourhood of xj \ X,-l we can choose positive 
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numbers al, . . . , a,,, in such a way that 
Qm = 00 + 2 ajx(vj + 1 - j) 
j=I 
is strictly p.s.h. along the leaves on a neighbourhood of X, and a, > p. Moreover, for 
l,m>j wehave@, = @I. Consequently @ = lim,,, am has the desired properties. 
2.2. The following theorem says that every real analytic foliation can be complexified. 
More precisely 
Theorem 2. Let X be a real analytic foliation with complex leaves of codimension k. 
Then there exists a complex foliation X of codimension k such that: 
(1) X L) X by a closed real analytic embedding which is holomorphic along the 
leaves; 
(2) every real analytic CR-function f : X -+ Iw extends holomorphically on a neigh- 
bourhood; 
(3) if X is a q-complete foliation and @ an exhaustive function then, for every c E ~4, 
X, = {Q, < c> has a fundamental system of neighbourhoods which are q-complete 
manifolds. 
Proof. The construction of X satisfying (l), (2) is a topological problem. We com- 
plexify the open covering {Uj} and the local diffeomorphisms (*) in the definition of 
X and we use the argument employed by Bruhat and Whitney for the totally real case 
[4]. Now assume that X is a q-complete with respect to @ and let X, = {(a < c}. By 
definition, X has an open covering {oj} satisfying the following properties: 
(a) oj n X is a distinguished domain, 
(b) on Uj there are local coordinates ~1,. . . , z,, rl,, . . , rk such that tr,. . . ,*n, 
Rerr,.. . , Re ri, are distinguished coordinates on Uj n X. 
Let 0, = ImF,, 1 < o < k and {pi} b e a smooth partition of unity relative to 
{ Uj} e Consider 
Then !@ > 0 and on a neighbourhood of X we have U(z) = 0 if and only if x E X. Let 
us denote by (1,. . . , cnn+k local coordinates on Gj. Then at point x E i?j f~ X the Levi 
form Of @ (with respect t0 (1,. . . , &+/c) iS 
Let 6 be a smooth extension of @ and set F = 6 + a@, where a is a positive constant. 
On the linear subspace An+’ = . a. = Xnfk = 0 the Levi form of 6 at z has at least 
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rz - q+ 1 positive eigenvalues. Consequently, at z the Levi form ,C( F) of F diagonalizes: 
where the a,‘s are real and positive for 1 < cr 6 n. - q + 1. Hence, if a is large enough, 
C(F) has a,t the least n + k - q + 1 positive eigenvalues and consequently F is strictly 
q-pseudoconvex on a neighbourhood of X, = (Q < c} (and the subsets {F < const} 
give a fundamental system of neighbourhoods of Xc). 
&mark. _% with the properties (l), (a), (3) is essentially unique. In particular if 
q = 1 every X, has a fundamental system of Stein neighbourhoods. This fails to be 
true for X [3]. 
As a corollary, using the approximation t,heorem of M. Freeman [7] we prove the 
following 
Theorem 3. Under the assz~mptions of Theorem 2, ij X is l-complete a smooth CR- 
function on a neighbourhood of x, can be approximated by smooth global CR-functions. 
Proof. Let f be smooth and CR on a neighbourhood of & = Xc+s. Set Bj = XC+E+~ 
forjEWandc,EEIW +. An inspection of the proof of Theorem 2 shows that for every 
j E N there exists a Stein neighbourhood lJj of Bj in X such that: Bj has in U,+r a 
fundamental system of neighbourhoods W’j @ Uj+r n Uj which are Runge domains in 
Uj,l. Let [JO be such that Uu n X I Xc+a and & is O(Uu)-convex. According to the 
theorem of Freeman we take j E 0( Uo) satisfying I/f- f 1 IDo < E and for every j 3 1 a 
function E” E O(Uj) satisfying [IFI - JllmO < c/2, IIFj+l - FjIIwl < &/2j+‘. It follows 
t8hat he sum of the series 
JG t C(J’j+l - Fj) 
j=l 
is a function g f D(X) such that \\g- .fl!~~ < 2~. The same argument can be repeated 
starting from an arbitrary Ck-norm on Bo and this proves the theorem. 
Remark. A similar argument can be applied to prove that in the previous statement 
X, can be replaced by an arbitrary ‘D-convex compact li (i.e. k = K). 
2.3. The approximation theorem allows us to prove an embedding theorem for real 
analytic Stein foliations. The proof runs as in [lo] so we restrict ourselves to retrace 
the main st,eps. Let X be a smooth foliation with complex leaves of dimension n and 
codimension k. Let us denote by d(X;@) the set of the smooth CR-maps X -+ cV. 
A( X; CN) is Frechet. Then we have the following 
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Theorem 4. Let X be a Stein foliation. Then 
(i) if N 2 2n + k th e set of F E d(X;@) w w are not regular is of the first h’ h 
category; 
(ii) if N > 2n+L+l, the set of F E d(X;@‘) w zc h’ h are not regular and one- to-one 
is of the first category. 
This is the “smooth part” of the embedding theorem. To prove the existence of proper 
CR-maps we give the notion of analytic polyedron of X: is an open relatively compact 
subset P defined by {z E X : Ifj(x)l < 1, 1 < j < N} where fi, . . . , fN E D(X). N 
is called the order of P. If X is a Stein foliation, K c X a compact D-convex subset 
(i.e. I? = K) and U a neighbourhood of K then there exist an analytic polyedron P 
with Ii C P E U. This fact is a simple consequence of D-convexity. Next, using an 
argument due to Bishop (which holds in our context as well) it is possible to decrease 
the order of P. More precisely, if P has order N + 1 and N 2 2n + k then there exist 
an analytic polyedron P’ of order N with Ii c P’ c P. Then we have the following 
Theorem 5. Assume X is a real analytic Stein foliation. Then there exists smooth 
CR-map X ---f (E N, N = 2n + k + 1 which is one-to-one, proper and regular. 
Proof. We sketch the proof. According to Theorem 4 we may choose a one-to-one, 
regular CR-map g : X t GN. In order to construct a CR-map as in the statement 
it is enough to find f E d(X; cN) such that & = {z E X : If(z)1 6 m + Ig(z)l} is 
relatively compact for every rn^E N (here If(x) = max lf;(x)I). For this, we write X 
as union Uj>oKj where Kj = Kj and we choose an analytic polyendron Pj satisfying 
Kj C Pj C Kj+,. Then if Mj = supp, 191 the above property for f is a consequence of 
IfI 2 m + M, in Pm+1 \ Pm (1) 
for every m. 
By definition of an analytic polyendron one can find functions fJ,J satisfying the 
properties 
Ifj"l > Mm+1 t m t 1 t max 
l(j<%z+k 
(2) 
Ifj”l < 2+ in Pm. (3) 
Taking a suitable power of fJv (3) holds true for any derivative P fJv of order Ial 6 m. 
Then (2), (3) together imply that 
belongs to D(X) and that 
,<y;-, lfjl > m + M,+I on aP, (4) 
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for every m E W. 
Now set 
41 
By virtue of (4), G, and H, are disjoint compact subsets and the ‘D(X)-envelope E, of 
G, u H, is contained in Iim+2. Write E, = G, u H, U Hh where Hh c Icrn+2 \ Pmsl. 
In particular H& and G, are disjoint subsets. Let f be defined by f = 0 on H, u H& 
and f = const on G,. Then, using Theorem 3 we approximate f by global a CR- 
function in such a way as to obtain functions h, E D(X) satisfying 
Ihnl > 1 t m t Mm+1 t c lhjl in G,,,, (“5) 
j<m 
]D”h,] < 2-n’ in H,, Ial < m. (6) 
for m. E N. Then fN = &, h, belongs to D(X) and IfN(x)j 3 m t M1,L+~ for 
.I: E G,(G,, c Hm+l C Hm+2). Thus (1) holds for f = (fi . . . fN), and this completes 
the proof. 
2.4. We apply the above theorem to obtain information about the topology of X [19]. 
For that purpose let us denote by 7~ the complex dimension of the leaves of X and by 
k their codimension. 
Theorem 6. Let X be a real analytic Stein foliation. Then 
Hj(XJ) = 0 
for j 3 n + k + 1 and H,+k(X, Z) has no torsion. 
Proof. Embed X in C”’ by f = fi . . . fN and consider the function p = (z - .z”12, 
2 ’ E lCN \ X; z” can be chosen in such a way that II, = p o f is a Morse function. In 
view of Morse inequalities it is enough to prove that no critical point of $I has an index 
larger than n + k. Let p E X be a critical point for 71, and let tr,. . . , z,, tl,. . . , tk he 
distinguished coordinates. The Hessian form H($)(p) of $ at p is given by 
(p)w,tip + 2 Re 2 a2’ -_(PbkJQ 
oI fl=, dQ% 
where w, = U, + iv,, 1 < Q < n. 
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Since + = ~~j=, Ifj - Zy/" we obtain for the Hessian form of $ at p the expression 
The restriction of H($)(p) to the linear space rr = . . - = rk = 0 is the sum of a strictly 
positive form and the real part of complex quadratic form A(w) = CE,pAol~wolw~. 
Since the eigenvalues of Re A( ) w occur in pairs with opposite signs it follows that 
H($)(p) has at most n + k negative eigenvalues. 
Corollary 7. Let X C F(c) b e a closed oriented real analytic foliation with complex 
leaves of dimension n and let W be a srnooth algebraic hypersurface which does not 
contain X. Then the homomorphism 
Hj(X,Z) + Hj(X f-l WJ) 
induced by X n W + X is bijective for j < n - 1 and injective for j = n - 1. Moreover 
the quotient group H”-’ (X II W, iZ)/H”-l(X, Z) has no torsion. 
Proof. We may assume that W is a hyperplane. We have the exact cohomology se- 
quence 
. . . + H,3(X \ W,Z) + Hj(X, Z) + Hj(X n W, iz) + Hf+‘(X \ W, z) + . . . 
where Hj indicates cohomology with compact supports. By Poincare duality 
Hj(X \ W, z) N HZ,+k-j(X \ W, z>; 
since X is a Stein foliation the result follows immediately from Theorem 5. 
3. Cohomology 
3.1. Given a q-complete smooth foliation X, according to the Andreotti and Grauert 
theory for complex spaces it is natural to expect that the cohomology groups Hj(X, 27) 
vanish for j > q. This is actually true for domains in Cn x IWk (Section 1). More generally 
we prove the following: 
Theorem 8. Let X be a l-complete foliation. Then 
Hj(X,D) = 0 
for j 2 1 in the following two cases: 
1) X is a smooth (closed) hypersurface in CN; 
2) X is real analytic. 
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We prove the theorem in a sequence of steps following the method of Andreotti and 
Grauert for complex spaces [l]. Let us denote by @ an exhaustive function for X and 
let X, = {a < c}, c E IF&. 
Lemma 1. We haoe Hj(X,, 2)) = 0 for every j > 1 and c E R. 
Proof. Since @ is strictly plurisubharmonic along the leaves, the “bumps lemma” 
method applies. Namely given z” E dX there is a neighbourhood U of .z” and an open 
subset B c X with the following properties: 
(i) B \ X, c u, 
(ii) U n B is CR-isomorphic to a regular family of domains of holomorphy of (CT’. 
Moreover U can be chosen arbitrarily small and such that the image of H”( Bn U, D) -. 
ff”(X, n Ii, D) is everywhere dense and B is given by {@’ < 0) where G’ is smooth 
on a neighbourhood of B and strictly plurisubharmonic along the leaves. In particular 
lJJ(l! n B, D) = 0 for j > 1 (Section 1). Consequently, from the Mayer-Vietoris 
sequence 
. . . --) Hj(Y,D) -+ Hj(Yl,D)~ Hj(Y2,D) + Hj(Yl n Y2,D) 
+ Hj+yY,D) + . . . (1) 
applied to Yl = X,, Yz = U n B, Y = YI u Yz = B, we deduce that Hj(B, D) -t 
Hi(X,, D) is onto for j > 1. We iterate this argument starting from B. In a finite num- 
ber of steps we find a neighbourhood V of x, with the property: Hj( V, D) - Hj( _7i,, D) 
is onto for j > 1. In particular, for E small we have that Hj(X,+,,D) -+ HJ(X,,;[)) i:; 
onto for j > 1. Consequently in order to prove that HJ(X,, ID) = 0 for j > 1 and c E Px 
it suffices to prove that Hj(x,,D) = 0 for every j 2 1 and c E R~ To do that WI’ 
consider first the case 1). Then X is a Levi flat hypersurface in P+’ and 4(z) = 1~1’” 
Let Ii = (121 < c + E}; we may assume that U \ X has two connected components 
l”+, U-. Denote by 0+ ( resp. O_) the sheaf of germs of holomorphic functions on I!+. 
(resp. U_) that are smooth on U+ U (U+ fl X) (resp. U- U (U_ n X)). 
Then we have the exact sequence 
0 -+ 0 -+O+$O_~~DO (2) 
[‘L]; here 0+ (resp. O-) is a sheaf on u+ (resp. l?_) extended by 0 on whole C’ and 
re(f 819) = fix - six. S ince U is Stein we derive from (2) that 
Hj(t?+,O+)$Hj(t?_,O_)+ Hj(U nX,D) 
is an isomorphism for j 2 1 (and this holds true for j 2 q whenever X is a q-complete 
real-analytic foliation of codimension 1). 
Let be a j..cocycle of ‘27 on a neighbourhood of x,. In view of (2) we have < = t+ -t_. 
where E+ and {- are represented by two (O,j)-forms w+,w_ respectively which are 
smooth up to X. Moreover, according to [6] it is possible to construct pseudoconvex 
domains U$ and Ui_ satisfying the following conditions: 17; c U+, UL c U_, i3U$, 
al/L are smooth and au!+ n X, 19Ul_ n X contain a neighbourhood of x,. Then Kohn’s 
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theorem [lo] implies that on U$ and U’ respectively we have w+ = &+, w- = &_ 
where vu+ E C”(u!+), v- E C”(!?!_). It follows that Hj(X,,2)) = 0 for j 2 1. 
3.2. The proof in the second case is more delicate. Let X be the complexification of 
X (Theorem 2, Section 2) and let W denote the sheaf of germs of smooth functions 
f on X for which 8f is flat on X. Then re: f + f/x gives a homomorphism W --f 27 
which is onto [14]. Thus we have an exact sequence of sheaves 
where I = Ker re and 
(a) the germs of I are flat on X [a]. Th is is actually true for a “generic submanifold” 
of a complex manifold. In particular 
(b) the sheaf I is acyclic and Hj(X, W) s Hj(X, D) for j > 1. 
Now let i”fP be the sheaf of germs of smooth (O,p)-forms on X which are flat on X. 
Then 
(c) 0 --+ W/O -3 c ’ ‘0 1 _ii+ iOJ + . . . ?+. @,n+k + 0 
is an acyclic resolution of W/O (0 = structure sheaf of X). 
In other words in 17 E &Of’, T 2 1 is a local form such that 8q is flat on X then there 
is a local form Q such that 77 - %I’ is flat on X. This is the local version of a theorem 
proved by J. Chaumat, M. Chollet and A. Dufresnoy on a-equation for differential forms 
whose coefficients are Whitney functions [5]. Another proof can be found in [13]. Thus 
to finish our proof we have to show that if w is a smooth (0, r)-form on a neighbourhood 
U of X, in X, T > 1 and 6w is flat on X then there is 77 on a neighbourhood of X, 
such that w - 8~ is flat on X. We may assume that 0 is compact, dU is smooth and 
strictly pseudoconvex and R is defined on W, a Stein neighbourhood of 0 (Theorem 2). 
Embed W as a closed submanifold of CN and consider a tubular Stein neighbourhood 
D with a holomorphic projection K : D + U’ where U’ = D n W I u and A]U, = idu,. 
Now, an *w is flat on X and as X is real analytic the compact ,!? is 1 - H convex in 
the sense of [5]. Th en we can invoke the theorem of J. Chaumat and A.M. Chollet [5] 
to find !P such that r *w - 8Q is flat on X. Consequently w - 8( q]xi> is flat on X and 
this finishes the proof. 
Corollary. Hj(X, D) = 0 for j 2 2. 
Proof. We have X E US,o X,, X, = {a < s}. Then a r-cocycle [, r 3 2 with values in 
2, is a coboundary on X, : i:e. [lx, = 6~ for s 2 1. Using the property Hj(X,,2)) = 0 
for j, s 3 1 we glue together the different Q in such a way as to have an (r - l)-cochain 
17 such that [ = 67. Thus Theorem 8 is proved for j > 2. 
In order to prove it for j = 1 we prove the following approximation theorem: 
Lemma 2. Let r : H”(X,2)) + H”(X,, Z?) denote the restriction map. Then Im T is 
everywhere dense. 
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Proof. When X is real analytic this follows from Theorem 3. Consider B, U as in the 
proof of Lemma 1 and let T be the (restriction) map H’(B,D) + H’(X,, D). Then 
Im T is everywhere dense. To proceed, write B = X, U V where V = B II U and let p 
denote the restriction to X, n V. Let (T : HO(X,,D) $ HO(V,D) + H”(X,n,D) be the 
map f@g -+ p(f) - p(g); the Mayer-Vietoris sequence and the fact that H’( B, ID) = 0 
imply that (T in onto. Let f E H’(X,,D) be a. CR-function on X, a,nd consider p(f). 
VVe can find CR-functions g,, E H”(V,D) such that P(gm) - p(f) -+ 0 (H’(V,D) is 
everywhere dense in H”(VflX,,D)). M oreover in view of Banach’s Theorem applied to 
CT there are elements u, E H’(X,, D) and 71, E H”(V, ‘D) with the following properties: 
Km + 0, urn - 0 and P(u?~) - P(v~) = p(f) - P(gm). Then gm - urn E H”(VgD>, 
f - urn E H’(X,,D) define a CR-function frill on B and fm -+ f in H’(X,,‘D). We 
it,erate this procedure starting from B to obtain, after a finite number of steps, an E > 0 
such that NO(XC+E, D) is everywhere dense in H’(X,,D). Let I be the set of c’ > c 
with the property that N’(X,,,D) is everywhere dense in H’(X,, D). Then if c, E I, 
?)I E W, and cm -+ co, as a consequence of an elementary result on Frdchet spaces we 
have co E 1. This fact proves that sup I = +oo and that H’(X, 27) is everywhere dense 
in HO(X,, D). 
Proof of Theorem 8. We have to show that H’(X, D) = 0. Let {U;} be an open 
covering of X and let { f;j} b 
solve f.. = f!” - f!” 
e a I-cocycle with values in D. Let X = U,ao X, and 
fi3 = lfy4 _ $1’ 
on a neighbourhood of xl (possible by Lemma 1). Next let, 
on’s neighbourhood of x2. Then {‘f/“’ - If,“‘} defines a CR-function 
on a ndighbouihood of _%I which can be approximated by a global CR-function g. In 
particular if we set f,‘“’ = lfi(” + g, we have fij = f!” - fi2’ on a neighbourhood of -2, 
(2) and fi = $1, 
tions f’“’ = (‘I 
is arbitrarily small on xl, and so on. Thus we can change different solu- 
fi step by step in such a way as to make fi = f,“’ + c,31(f!S+1) - f,'"' 11 
converffent in HO(Ui, ‘D). On X, we have f; = ficrn) + Csz,+l( fi(‘+‘) - fjs)) where the 
right-hand side is a CR-function on X, (which does not depend on i); consequently 
f i - fj = f!“’ - fW = f+ z 3 
Remark. An analogous statement for 0’ is not true. Andreotti and Nacinovich [3: 
showed that H’(X, 0’) is never 0. However, by virtue of Theorem 2 we have for every c. 
Iij(r?-c, 0’) = 0 for j 2 q whenever X is a q-complete. 
Using the same method of proof, under the hypothesis of Theorem 8, we have the 
following 
Theorem 9. Let A = {x,} be a discrete subset of X and let {c,} be a sequence of 
complex numbers. Then there exists f E D(X) such that f(x,) = c,, v = 1,2,. . . . In 
particular X is D-convex and D(X) separates points of X. 
Proof. Let IA be the sheaf {f E D : f IA = 0). Th en 1 OCdly D/IA N c. COnSeqUently 
in our hypothesis in view of Theorem 8 the groups H~(X,IA) vanish for j 2 2. When 
X is a smooth hypersurface in @ N the group H’(X, IA) also vanishes because the 
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homomorphism 
is onto. 
Now assume X is real analytic. Then as IA is locally cohomologically trivial we can 
argue as in the first part of the proof of Theorem 8 to obtain the following: for every 
c > 0 there exists E > 0 such that H1(Xc+,,IA) + H’(X,,IA) is onto. 
Moreover, for every c E R we have Hj(X,, IA) = 0 because X, has a base of 
Stein neighbourhoods in X (the complexification of X) and consequently HO(X,, 27) + 
H’(X,, ‘D/IA) is onto. It fohows that H’(X,, IA) = 0 for every c E lR and this allow us 
to conclude that H’(X, IA) = 0 in the same way as in Theorem 8. 
3.3. For cohomology H,*(X,D) with compact supports it is possible to prove a van- 
ishing theorem in the general situation. More precisely 
Theorem 10. Let X be a q-complete foliation whose leaves are complex manifolds of 
dimension n. Then 
H,3(X,D) = 0 
for j < n - q. 
Proof. Let @ : X + JR be a strictly q-pseudoconves exhaustive function and let 
X, = {(a < a}, a E R. Locally at the points of 8X,, X, is a regular family R of domains 
of holomorphy in P-q+’ parameterized by t in (a domain of) IR~(~-‘)+~ = Cq-’ x R”. 
Consequently we have H~(fi,‘D) = 0 for j < n - q (Section 1). 
The bumps lemma method and Mayer-Vietoris sequence for cohomology with com- 
pact supports yield the following: there is u’ > a such that Hi(X,, IO) -+ H$X,,, D) 
is an isomorphism for j < n - q. Let I be the set of u’ > a with such property. Then 
sup1 = +oo and for every a,~ R, H!(X,,D) + Hi(X,D) is a isomorphism, provided 
j 6 n - q. It follows that H:(X, D) = 0 for j 6 n - q. 
As a corollary we obtain the Hartogs theorem for foliations where n > 2 and q > 1. 
4. The Kobayashi metric 
4.1. Let X be a foliation with complex leaves, of codimension k and let T(X) 4 X 
be the tangent bundle of X. The collection of all tangent spaces to the leaves of X 
forms a complex subbundle TH(X) of T(X). Let D be the unit disc in @ and let us 
denote by CR(D,X) the set of all CR-maps D + X. Given (’ E TH(X) with 2 = r(C) 
we define the function F = Fx on X x TH(X) by 
F(x,(‘) = inf{s E JR : s > 0, sq’(O) = [} 
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where 9 E CR(D,X) and ~(0) = x. When k = 0, F reduces to the Kobayashi 
“infinitesimal metric” of the complex manifold X [ll]. In particular if X = VL x Iw”, 
then F = 0. If X’ is another foliation as above and 4 : X + X’ is a CR-map then 
r@ : T,y(X) --+ TH(X’) and 
Fx@(x>, $40 6 Fxh 0 
Theorem 11. Fx is upper semicontinuous. 
Proof. Let 2 E X and Ii be a distinguished neighbourhood of x with local coordinates 
+?I)...) z,, t1,. . . , tk centered at x. Let L = L,. be the leave through x and 9 : lJ --+ I, 
be defined by yl(z, t) = x. Then d\J! is continuous from TH( U) to T(L) (the holomorphic 
tangent bundle to L) and FL(x,[) = Fx(x,C). Let W’ be a neighbourhood of (x, C) 
in T(L) such that 
FL(Y,v) < F&C) t E = Fx(x4 -t- E 
for every (y, 71) E W. Then V = (d@)-‘(W) is open in TH(U) and for (y, 71) E W orw 
leas 
The first inequality is due to the following fact. Let g = F~(q(y),dQ(q)) and p E! 
CR(D, X) be such that ~(0) = Q(y) and s$(O) = d@(q) where s < at&. Next in view 
of the so called “continuity Lemma” [ 151 we can choose a distinguished neighbourhood 
.\’ of p(D) i.e. N = I-6, S[ x B where p(D) c B and B is open for the relative 
topology of L,e(?I). Put vt(z) = (v(z),t). Then y is represented by (q(y), t) and pt(O) =I 
(q(y), t), SF:(O) = 7. Consequently 
According to the complex case [9], X is said to be hyperbolic if F(s, C) > 0 for every 
3’ E X and C E TH(X), C # 0. 
Remarks. 1) The fact that all the leaves are hyperbolic does not imply that X itself 
is hyperbolic; 
2) every bounded domain in @” x R” is hyperbolic; 
3) following [17] it can be proved that if X admits a continuous bounded function U, 
p.s.1~. along the leaves and strictly p.s.h. in a neighbourhood of x, then X is hyperbolic 
at. 2. 
4.2. Now consider a riemannian metric on X and let V be a smooth distribution of 
transversal tangent k-spaces. Then every < E T(X) splits into (0 + Cc where (0 E V, 
Cc E Z’H(X) and we denote by ~((‘0) the length of co. 
Let F be the infinitesimal Kobayashi metric on X and for c E T,(X) set g(x,<) =: 
F(x,[,) t dlx,Co). Then g is an upper semicontinuous pseudometric. If y = y(s), 
0 < s < 1 is a smooth curve joining x, y E X the pseudo-length of y with respect to g 
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is 
J 
1 L(Y) = sM4 3 ds 
0
and the pseudo-distance between x, y is 
4x, y) = in,f l(y); 
d is a real distance on X inducing the topology of X if X is hyperbolic. X is said to be 
complete if a field V can be chosen making X complete with respect to d. For example 
the unit ball in (E x R is complete for the choice 
v = X(t)(x; + Y$) + (1+ t2)-I&, 
t) = 2 arctan t[( 1 + t2)-’ (1 - arctan t)-“/“I. where J+ ,( 
Theorem 12. Let R c Cn x R” be with the riemannian structure induced by C” x I!%“. 
If R is hyperbolic and complete then R is V-convex. 
Proof. Let R be hyperbolic and complete with respect to a C” distribution V. We 
shall prove that the projection (z, t) -+ t is locally open on lJt dRt (Section 2). Assume 
the contrary holds. Then there are a point (a, t) E dQ an open polydisc U centered at 
(a, t) and a sequence ttrn) + t such that U II dSZ,(,, = 0. Two cases are possible: either 
u l-l c;m, C i&cm) or U II @Zzm, C @” x R” \ i&cm). 
The latter cannot occur because U n@r contains some point of fl so that U n C;,,,, c 
Q,). Let (b,t) E UnR,. Then (b,t(“)) E UN2 and the disk ((2, dm)) : (z-al = la-b]} 
is contained in U n f&cm). Now consider the closure Ir’ of {(a, t’“))}, the unit disc D 
of C endowed with the Poincare metric and the maps fm : D + R given by 
fm(C) = (a + C(b - a), tt”)). 
We have fm(0) = (a, ttm)) E I< and fm(0) -+ (a + ((b - a), t). Since R is hyperbolic 
and complete and the fm’s are distance-decreasing from D to R then they have a limit 
f : D -+ fl [ll, Theorems 31, 321. In particular f(0) = (a, t) E R and this is impossible. 
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